Infrared and light-cone limit in hot QED* 



E. Petitgirard 
Gesellschaft fur Schwerionenforschung mbH, Planckstr. 1, 
64291 Darmstadt, Germany 



In hot gauge theories a breakdown of the hard thermal 
loop expansion occurs for light-like external momenta or in 
the infrared region. In QED where a resummation of ladder 
diagrams is usually advocated, it is shown that long range 
magnetic interations involve a broader set of graphs. The 
consequence is a generalized compensation of the hard modes 
damping terms at leading order in the infrared limit and near 
the light-cone. The relevance of the so-called improved hard 
thermal loop resummation scheme is discussed. 



I. INTRODUCTION 

At the scale of the order of the Debye and plasmon 
masses, gauge theories at high temperature can no longer 
be adequately described by ordinary thermal perturba- 
tion theory. A consistent approach requires the so-called 
hard thermal loop expansion [|l]-[|. Although successful 
in resolving many paradoxes, there still remain some fun- 
damental problems in certain limits. A particular prob- 
lem is that of the damping rate of a fast fermion, where 
self-consistent schemes outside of the hard thermal loop 
expansion have been used Jt],||]. Another class of prob- 
lems arises whenever soft external momenta are light- 
like. This is the case with the soft photon production 
rate estimates |^,|l0|. Basically, like the hard thermal 
loops themselves, the polarization tensor involved in the 
calculation of such processes develops collinear singular- 
ities. In the same context, a resummation of asymptotic 
thermal masses for hard modes, the so-called improved 
hard thermal loop scheme, leaves the gauge invariance of 
the effective action intact while screening the divergences 

But in these cases, another candidate for the removal of 
the collinear singularities would be the damping term for 
hard modes. This was suggested for example in another 
estimate of the soft photon production rate |13|. Indeed, 
through the interactions with soft modes, the damping 
is anomalously large 7 ~ g 2 T dn(l / g). However if 7 has 
to be taken into account, modifying only the propaga- 
tors violates the Ward identities. In Abelian theories the 
latter give Q^Ii^ u — 0, but it turns out that 



Q»IL Qu (q ,Q) 



2«79o 



2 2 T 2 



qo + 2ij 3 



(1) 



"Talk presented at the 5th International Workshop on Ther- 
mal Field Theories and their Applications, Regensburg, Ger- 
many, August 1998 



Vertex corrections are necessary to restore gauge invari- 
ance and leads to a ladder resummation. The latter arise 
for instance in the context of the eikonal expansion of 
gauge theories 0,|l5| • In the infrared limit of the polar- 
ization tensor in hot QED jjj , using a constant damping, 
it was found that the damping term gets eliminated from 
all the components of IP". Subsequent works Jl2],[l6| in 
scalar QED have reached the same conclusion for spe- 
cific limits. Recently a general way to get the cancel- 
lation of the damping term, via simple algebraic com- 
pensations, has been put forward Jl7| , p^| . Besides the 
non-transversality of the polarization tensor mentioned 
above, there is another argument concerning gauge in- 
variance if the case of a non-constant damping is con- 
sidered. It is known that when evaluating the damp- 
ing rate, keeping the external line on mass-shell with a 
finite infrared cutoff leads to a gauge independent con- 
tribution JIg| ]. But with fermion propagators related to 
specific internal lines of the polarization tensor, the inte- 
gration over the real axis usually leaves the momentum 
off mass-shell. For hard fermions there are gauge depen- 
dent pieces off mass-shell besides the factor e 2 Tln(l/e), 
at least when going beyond a simple logarithmic approx- 
imation. A general compensation of the damping term 
seems therefore necessary. 

These considerations do not concern directly the esti- 
mates of the soft photon production rate. The definition 
of the latter (in covariant gauges) involves the trace 11^. 
This term is subleading compared to the order of the hard 
thermal loops {HTL) and requires more involved calcula- 
tions. The approximations justified at the HTL level and 
which are presented in the following are no longer valid 
in this case. Nevertheless the soft photon rate calcula- 
tions share basic features with the current analysis. The 
fact that ladders contribute, both in the infrared and the 
light-cone limit, at the same leading order as the HTL 
is due to a resonance of denominators . The same res- 
onance of denominators occurs for the soft photon rate 
and leads to a mechanism of enhancement when regular- 
izing the collinear divergences with the fermion asymp- 
totic mass [ pj3| . The bremsstrahlung processes dominate 
over previous estimates based on the soft fermion loop 
computations ||] . Now the bremsstrahlung diagrams can 
be seen as a first step towards a resummation of higher 
order graphs. This is highly expected, from the consider- 
ations above concerning TV jV at leading order on the light- 
cone, and also from semi-classical calculations taken into 
account the Landau-Pomeranchuk-Migdal effect |^0| . Fi- 
nally the following study about the cancellation of damp- 
ing terms casts doubt concerning attempts to regularize 
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the photon rate in the manner proposed in Ref. |l3[ , even 
if a direct investigation remains to be done. 

Therefore, already at the order of the HTL, an im- 
portant motivation is to make explicit the equivalence 
between the infrared and the light-cone limit. In that re- 
spect there are two technical new points compared to 
previous studies about ladders. The first one is that 
Rcf. jlT] left ambiguities with an ill-defined expression for 
the vertex solution of the Bethe-Salpeter equation. Such 
ambiguities prevented a rigorous cancellation of damping 
terms. This problem can be overcome by reproducing a 
structure similar to the Landau damping contributions 
at the HTL level, i.e. a separation between a positive 
energy and a negative energy part. The second point is 
that diagrammatically, in order to consider a compensa- 
tion of a non-constant damping rate, it is necessary to go 
beyond a simple ladder resummation by taking into ac- 
count at leading order a more general set of graphs. Thus 
in the infrared region the usual HTL term will be recov- 
ered, as it was already expected from arguments using 
simplified models (constant damping) and using also the 
kinetic approach pl| , p2[ . Another motivation is to check 
the validity of the so-called improved HTL resummation 
scheme on the light-cone. 



II. LEADING GRAPHS 

Several works have been devoted to the cancellation of 
ladder graphs in an effective expansion. It is therefore 
not necessary to enter into details on this topic. But it 
is worth recalling, even very briefly, the power counting 
argument which leads to a ladder resummation. The re- 
tarded/ advanced formalism Q is used, since the struc- 
ture of Green functions as tree-like diagrams can easily 
be seen. However all the calculations could be performed 
using a different real time formalism, for example the 
Schwinger-Keldysh technique pi| ]. An important point 
is that leading terms are given by trees associated with 
cut internal lines for the photons. For the simple one-loop 
eej vertex where Q, P and R = P + Q are respectively 
the photon momentum and the incoming and outgoing 
fcrmion momenta, and the particular example of an ex- 
changed transverse photon of momentum L, splitting the 
product of fermion propagators A(P + L)A(R + L) along 
the ways describes in Ref. |0 gives 
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An estimate of the expression above can be done if the 
denominator 2Q.(P + L) + Q 2 is of the same order as 
2P.Q + Q 2 
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Under what circumstances this approximation can actu- 
ally be made and the denominator extracted from the 
integral remains to be seen. The difference of the self- 
energies written above has the same order as the damp- 
ing rate, namely 0(e 2 T). This is compensated by the 
factor 1/e 2 from the term \/{2P.Q + Q 2 ). The vertex is 
therefore of the same order as its tree-level counterpart 
and this implies a resummation of ladder diagrams 




with the exchanges of both transverse and longitudi- 
nal soft photons. The reasoning above was made with 
bare fermion propagators, but when a hard electron or 
positron is close to its mass-shell, a resummation of its 
self-energy is necessary. The latter involves one-loop con- 
tributions with a bare fermion propagator for the longi- 
tudinal photon case and a resummed fermion propagator 
for the transverse photon exchange. 

It can be shown that the ladders cancel against the cor- 
responding self-energies without vertex correction. This 
is due to a mechanism related to the Ward identities. But 
with the Landau damping part of the transverse photon 
spectral density and the absence of Debye screening, the 
momenta can reach the very soft scale 0(e 2 T). This 
may change the estimate of multi-loop diagrams. If self- 
energies with vertex corrections contribute at leading or- 
der as well, as it was pointed out in Ref. |^5| , then graphs 
other than ladders might be relevant for consistency and 
it is necessary to go bey ond what has been done in pre- 
vious works ||7|, p^ , |l7| , p^| . An estimate of the multi-loop 
graphs can be made using the simplified transverse spec- 
tral density introduced in Ref. |2f| 
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An evaluation of the imaginary part of the two-loop self- 
energy, with P on-shell, yields 
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where /i is a lower cutoff of order 0(e 2 T). This result 
can also be derived within a more complete and rigorous 
analysis [ 26[ using well known sum rules (see for instance 
Refs. |27], It justifies the fact that, within a pure loga- 
rithmic accuracy, such graphs were discarded |?j , but be- 
come necessary when going beyond this approximation 
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in order to consider a general (non-constant) damping 
term. 

For consistency this last remark implies that the vertex 
for a photon in the infrared region or near the light-cone 
must contain at least, not only ladders, but ladders with 
vertex corrections. It turns out that non-planar diagrams 
like the crossed graph 




contribute also at the same leading order as the tree-level 
vertex. The crossed diagram is of the same order as the 
quantity 
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and is therefore not suppressed by an extra factor e 2 con- 
trary to what has been claimed in Refs. (TTjjl^]. In this 
estimate \x and the plasma frequency lo v are respectively 
the lower (of order 0(e 2 T)) and upper (of order O(eT)) 
cutoffs, flp and Q R the moduli of p and r. 

As for graphs with hard photon exchanges non-trivial 
compensations between the trace and some denomina- 
tors kill the mechanism of enhancement encountered be- 
fore. Therefore only diagrams with soft transverse pho- 
tons have to be added and their resummation along with 
the ladder expansion is summarized in the Bethe-Salpeter 
equation with an infinite kernel. The latter is the sum 
of one ladder, the subset of 'two-loop' graphs, 'three- 
loop' graphs etc... Fermion propagators are resummcd 
and, besides the 'one-loop' diagrams mentioned above, 
a 'two-loop' vertex correction with transverse photons, 
'three-loop', etc. ..must be added. This is consistent with 
the mechanism of cancellation of self-energies in the po- 
larization tensor which now has to be investigated. 



III. RESUMMED DIAGRAMS 

A method for including the relevant diagrams when 
going beyond the logarithmic approximation must now 
be considered. This is summarized in the Bethe-Salpeter 
equation 



V»(P,Q,-R)=^ + 



d 4 P' 



■K(P,-P',R',-R)fC R R' 



(2tt)4 

A(R / )V»(P',Q,-R')P'A(P')f(p, (7) 



where 

K(P, -P\ R', -R)k~ P ■ fC R = K\P, -P',R', -R) 

x£ P ■ fC R + K 2 {P, -P', R', ~R)p 2 P ■ £1 + ... 
R = P + Q; R' = P' + Q, 

which involves an infinite kernel of four-fermion ampli- 
tudes that cannot be disconnected by cutting two fermion 
lines (to avoid overcounting) . The first term of this equa- 
tion represents the simple ladder resummation with re- 
summed fermion propagators and soft longitudinal and 
transverse photons. The second term contains the sum- 
mation of the 'two-loop' graphs, namely the crossed di- 
agram and the two ladders with one vertex correction. 
These diagrams involve only (very) soft transverse pho- 
tons, as the absence of Debye screening allows to reach 
the scale 0{e 2 T) which compensates the extra factor e 2 
when adding a further loop. The subsequent contribu- 
tions describe the resummation of the "three-loop', 'four- 
loop' graphs, etc... 

Now the resummed fermion propagators involves the 
self-energy at leading order when P 2 is close to the mass- 
shell. First this leading order contribution includes the 
hard thermal loop term with the effective (and constant) 
asymptotic mass for a hard fermion 
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Second it must contain also all the exchanges with soft 
photons. It is then useful to define the quantity 
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the imaginary part of which just corresponds to the (gen- 
eral and non-constant) damping rate. The propagator 
reads 
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Discarding the damping term would allow to recover the 
form advocated in ref. VM - An important starting point 
is to decompose the resummed propagator into a positive 
energy part and its negative counterpart 
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where ftp = [p 1 +m^ ] 1 / 2 . Kee ping in mind this canoni- 
cal decomposition, an estimate ga] enables to guess the 
expression of an improved vertex 
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in order for the above vertex to satisfy Ward identities. 
These vectors are equal to the unit vectors (l,p l ) and 
(1,— p l ) plus soft contributions unimportant in the de- 
termination of the leading order part of the polarization 
tensor. 

It is now necessary to check that for very soft exter- 
nal photons, this vertex is indeed the solution of the 
Bethe-Salpeter solution, even though more complicated 
diagrams than the ladders have been included. It is also 
important to see to what extent it is still a solution of 
(fjj) in the light-cone limit. 



IV. LADDER RESUMMATION 

The simple ladder resummation has been extensively 
considered in the litterature. Here the additional in- 
put is the separation of the expression of the vertex be- 
tween a positive energy part and its negative counter- 
part. This results from the canonical decomposition of 
the resummed fermion propagators and due to the basic 
assumption of an energetic fermion emitting or absorbing 
soft photons. Sticking the expression ([l2]) into the first 
term of the Bethe-Salpeter equation yields 

V%a r (P, Q, -R) = £ (-e 2 ) J [dL] l pa A R (P + L) 
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where the notation [dL] for either a transverse or a lon- 
gitudinal spectral density stands for 
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Contracting the spinors gives 
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Soft terms may be discarded and the basic picture of an 
energetic electron (or positron) undergoing interactions 
with soft photons (momenta of order O(eT) at most) 
implies that the former is always close to its mass-shell 
(P 2 ~ 0(eT 2 ) at most). This allows to make several 
approximations in the equations above. The expression 
( |l4| ) now reads 
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This enables also to split the product of propagators 
A(P)A(R) according to their canonical decompositions 
(mixed positive/ negative energy terms are shown to be 
subleading) 
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and to relate the positive or negative energy parts of 
the propagators to the corresponding contributions of the 
vertex 
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It can be easily seen that the algebraic cancellation oc- 
curs quite naturally using this decomposition. The first 
term of the Bethe-Salpeter equation equation may now 
be written 
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It is now crucial to see to what extent the denominators 
without damping can be extracted from the integral. Ex- 
panding their expressions with the soft terms from L and 
Q gives for example 

3o + Qp+L — Qr+l = 3o + — $}r 
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In the infrared limit (go,g ~ 0(e 2 T)) and on the light- 
cone for a not too collinear configuration (p.g ~ ±1 + 
O(e)) the terms following qo + ftp — Op may always be 
neglected. This is obvious in the infrared region. For the 
light-cone limit it turns out that q ~ p and consequently 
(q/p).(l — p(p.l)) ~ 0(e 3 T). However one of the main 
points is to notice that in a more collinear configuration 
these subsequent contributions are no longer negiegible. 
Indeed in this last case qo + Op — Up is of the same 
order 0(e 3 T). This is the situation where the effect of 
the asymptotic mass is important. Therefore, outside 
this limit, i.e. in the infrared and in a 'weak' light-cone 
limit, the relevant denominators may be extracted and 
the expression of the vertex finally gives 
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But of course this part does not correspond to the the 
full contribution of the vertex ( |l2| ) since it is necessary 
to go beyond a simple ladder resummation. 



V. N-LOOP DIAGRAMS RESUMMATION 

So far only a simple ladder expansion has been consid- 
ered. Since also 'higher- order' graphs have been shown 
to contribute at leading order it is therefore necessary to 
take into account their resummation. This corresponds 
to an infinite kernel for the Bcthc-Salpctcr equation. 

As a first step beyond the ladders, the algebraic can- 
cellation of self-energies for the 'two-loop' graphs must 
now be considered. Inserting the vertex (|l^) gives for 
the 'two-loop' crossed diagram 
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where the A's are the resummed fermion propagators and 
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The product of propagators A(P+L 1 +L 2 )A(R+L l +L 2 ) 
attached to the internal vertex has to be split in the same 
way as for the ladders. The decomposition of fermion 
propagators into positive and negative energy parts al- 
lows to separate a positive energy contribution from its 
negative counterpart in the vertex. The algebraic cancel- 
lation still occurs and is expressed through the replace- 
ments of (g ± SIp+l 1 +l 2 T 0p +Ll+L2 ± cr Rp+Li+L2 =F 
a A R+Ll+L2 ) by the denominators (go ± Op+l 1+ l 2 T 
Qp+Li+L 2 )- Finally in the infrared and in a weak light- 
cone limit the Li-dependent terms can always be ne- 
glected and ( go + Op — Op) or (g + Op — ftp) turns out to 



be a good aproximation for (q a + Qp +Ll+L . 2 -Op +Ll+i , 2 ) 
or (g + $Ir+l 1 +l 2 ~ Op +Ll+L2 ). Extracting the first de- 
nominators from the integral yields 
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(the terms Li in the numerator are subleading but have 
been kept to stress the similarity with Ward identities). If 
now the other 'two-loop' diagrams are considered, namely 
the vertex correction attached to the soft photon line 
L\ and its symmetric counterpart, the same procedure 
as before can be applied when inserting the full vertex. 
In particular the resulting denominators (go ± Qp + p i =p 
Op+L,) may be approximated by (go ± Op =F Op) m the 
aforementioned limits. Adding the positive energy and 
negative energy contributions of these diagrams with the 
crossed graph gives 
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The reasoning above can be generalized to the 'N-loop' 
vertices in the Bethe-Salpeter equation. These vertices 
involve resummed fermion propagators and the exchange 
of soft transverse photons. They induce four- fermion am- 
plitudes which cannot be disconnected by cutting two 
fermion lines. Each of these graphs have internal legs P+ 



- Lj and R + Li 



■Li attached to the external 



photon line via the complete vertex. Splitting the prod- 
uct of propagators A(P + L; + ... + Lj) A(R + Li + ... +Lj) 
as before leads to the algebraic cancellation of the self- 
energies a, i.e. to the replacement of the common denom- 
inator (qo + ttp+L l +...-n R+Li ...+a Rp+Li+ -(Ta r+l .+...) 
by (go + &p+Li+... — ^R+Li...)- Again in the infrared 
region and near the light-cone without a too strong 
collinearity between the photon and the electron the lat- 
ter denominator can be approximated by go + tip — tip 
( go + Op — Op for the negative energy part) and extracted 
from the integral. What is left is completely equivalent 
to a contraction of each graph with Q^, times the vector 
/(qo + Op — Op) (and its negative energy counterpart 
v^/ (qo + Op — Op)). It is therefore natural for a demon- 
stration at any order to rely on Ward identities between 
vertices with resummed fermions and cut soft transverse 
photons and the corresponding self-energies. The other 
additional input being the separation between a positive 
energy contribution and the negative one. This is due 
to the basic assumption of an energetic (hard) fermion 
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interacting with soft photons. Each diagram is related 
to specific terms which would be obtained with a simple 
contraction with 
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the sum of which corresponds to a self-energy with a 
particular vertex correction 
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Adding these self-energies yields the 'N-loop' order £ 
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(30) 
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and finally the contribution of all 'N-loop' self-energies 
gives the complete leading order expression 



(31) 



which allows to recover the improved vertex (|12|). The 
latter is therefore the solution of the Bethe-Salpeter equa- 
tion for the particular cases considered so far. 



VI. CANCELLATION OF DAMPING TERMS 



In the infrared limit the improved vertex 
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is therefore shown to be the solution of the Bethe- 
Salpeter equation. In the light-cone limit where the ef- 
fects of the asymptotic mass are relevant, this is not true 
any more, since approximations valid in the former case 
are no longer legitimate. Nevertheless it is always in- 
teresting to look at the expression of Ii^(Q) provided 
by this vertex. To deal with a general (non-constant) 
damping term, the trick consists in coming back to the 
imaginary time formalism, comparisons between quanti- 
ties like ito n , Op and a(iuj n ,p) being easier. In the R/A 
formalism, the retarded part of the polarization tensor 
can be written as 
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Contracting the spinors gives a part sensitive to the in- 
frared or light-cone limit plus possible tadpole terms. 
The latter do not involve vertex and damping correc- 
tions, or more precisely it can be shown that such cor- 
rections are subleading. Splitting the products of prop- 
agators yields denominators containing the retarded and 
advanced damping terms. These denominators cancel 
against the numerators of the form 1 + (ap — <jr)/ (go + 
tip — Op) derived from the equation (|12|). Taking II 00 
as a particular example, a simpler expression is thus ob- 
tained 
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The integration over po can be converted into a contour 
integral in the complex half-plane where there are no 
discontinuities from the propagators but only the poles 
given by the Matsubara frequencies. The contour can be 
composed of the real axis, two quarter-circles expanding 
at infinity, the contribution of which tends to zero, and a 
part circling the upper or lower poles of the Fermi-Dirac 
factor. The contribution is finally reduced to the sum of 
the residues corresponding to the Matsubara frequencies 



i 



i 



q + Op - ftp 
1 



LU n — Op + a+(uj n ,p) LU n - Op + a + (u n ,r) 
1 ( 1 



go + Op - Op \u n + Op + a (uj n ,p) 
1 



LU n + Op + a (w„,r) 



(35) 



It is mainly the difference Op — Op ~ p.q which mat- 
ters. Its order of magnitude is 0(eT) in the light-cone 
limit, and 0(e 2 T) or below in the infrared region. It is 
much larger than a(iuj n ,p) — a(iuj n , r) in each case. The 
contribution due to the damping terms is therefore neg- 
ligible. The expression given by simple poles in real time 
is re-established and the improved HTL 



/d 3 P 
(np(Op)-n F (Op)) 



1 



1 



go + Op - Op go + Op - Op 



(36) 



G 



is recovered. The complex energy qo = Reqo + *e allows 
to get the usual Landau damping part. 

In the infrared limit and on the light-cone when p.q ~ 
±l + 0(e) the resummation of all the aforementioned ver- 
tex diagrams cancels against the self-energy insertions. 
The result is found to be the improved HTL, which just 
corresponds to the usual HTL in these cases. 

However in a strong light-cone limit where the effects of 
the asymptotic mass are important, the improved vertex 
( |l2| ) is no longer solution of the Bethe-Salpeter equation. 
The expansion ( pl| ) is not reduced any more to the first 
term as it is in the first two cases. The resummation 
scheme advocated in Ref. jllj is therefore not correct, 
or at least not complete. However the cancellation of 
( [L2I ) with self-energies whatever the gauge is, provides a 
further and deeper justification of the gauge invariance 
of the improved HTL of Ref. jll|]. But to propose a 
more complete resummation scheme on the light-cone, 
other ways of dealing with the Bethe-Salpeter equation 
are necessary 28 1. 
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